Abstract. For every m ∈ C \ {0, −2} and every nonnegative integer k we define the vertex operator (super)algebra D m,k having two generators and rank 3m m+2 . If m is a positive integer then D m,k can be realized as a subalgebra of a lattice vertex algebra. In this case, we prove that D m,k is a regular vertex operator (super)algebra and find the number of inequivalent irreducible modules.
Introduction
In the theory of vertex operator (super)algebras, the classification and the construction of rational vertex operator (super)algebras are main problems. The rationality of certain familiar vertex operator (super)algebras was proved in papers [W] , [FZ] , [D] , [DL] , [Li1] , [A1] , [A2] , [A3] .
It is natural to consider rational vertex operator (super)algebras of certain rank.
In particular, in the rank one case for every positive integer k we have the well-known rational vertex operator (super)algebra F k associated to the lattice √ kZ. These vertex operator (super)algebras are generated by two generators.
In the present paper we will be concentrated on vertex operator (super)algebras of rank c m = 3m m+2
, m ∈ C \ {0, −2}. This rank has the vertex operator algebra L(m, 0) associated to the irreducible vacuumŝl 2 -module of level m and the vertex operator superalgebra L cm associated to the vacuum module for the N = 2 superconformal algebra with central charge c m ( cf. [A2] , [A3] , [FST1] , [FST2] , [EG] , [HM] ). In the case m = 1 these vertex operator (super)algebras are included into the family In fact, for every m ∈ C \ {0, −2} we define the vertex operator (super)algebra D m,k as a subalgebra of the vertex operator (super)algebra L(m, 0) ⊗ F k (cf. Section 3). In the special case k = 1, D m,1 is in fact the N = 2 vertex operator superalgebra L cm constructed using the Kazama-Suzuki mapping (cf. [KS] , [FST1] ). We also have that D m,0 ∼ = L(m, 0) and D 1,k ∼ = F k+2 .
Moreover, we shall demonstrate that D m,k has many properties similar to affine and N = 2 superconformal vertex algebras.
When m is not a nonnegative integer, then D m,k has infinitely many irreducible representations. Thus, it is not rational (cf. Section 3). In order to construct new examples of rational vertex operator (super)algebras we shall consider the case when m is a positive integer. Then D m,k can be embedded into a lattice vertex algebra (cf.
Section 4). In fact, we shall prove that
These relations completely determine the structure of
In [DLM] was introduced the notion of regular vertex operator algebra, i. e. rational vertex operator algebra with the property that every weak module is completely reducible. The relations (1.1) and (1.2), together with the regularity results from [DLM] and [Li2] imply that D m,k is a regular vertex operator algebra if k is even, and a regular vertex operator superalgebra if k is odd.
Let us here discuss the case k = 2n, where n is a positive integer. The relation (1.1) suggests that one can study the dual pair (D m,2n 2n(nm+1) . This approach requires many deep results on the structure of the vertex operator algebra L(m, 0) and deserves to be investigated independently. Instead of this approach, we realize the vertex algebra D m,2n ⊗ F −2n inside a larger lattice vertex algebra. Then the formulas for the generators are much simpler (cf. Section 5). The similar analysis can be done when k is odd (cf. Section 6). This approach was also used in [A3] for studying the fusion rules for the N = 2 vertex operator superalgebra
Lattice and affine vertex algebras
In this section, we shall recall the lattice construction of vertex superalgebras from [DL] , [K] .
We also use the notation h(n) = t n ⊗ h for h ∈ h, n ∈ Z.
where tC[t] ⊗ h acts trivially on C, h acting as h, λ for h ∈ h and c acts on C as multiplication by 1. We shall write M(1) for M(1, 0). For h ∈ h and n ∈ Z write
Then M(1) is a vertex operator algebra which is generated by the fields h(z), h ∈ h, and M(1, λ), for λ ∈ h, are irreducible modules for M(1).
LetL be the canonical central extension of L by the cyclic group ±1 :
1 → ±1 →L→L → 1 (2.1) with the commutator map c(α, β) = (−1) α,β for α, β ∈ L. Let e : L →L be a section such that e 0 = 1 and ǫ : L × L → ±1 be the corresponding 2-cocycle. Then
and e α e β = ǫ(α, β)e α+β for α, β, γ ∈ L. Form the inducedL-module
where C[·] denotes the group algebra and −1 acts on C as multiplication by −1. For a ∈L, write ι(a) for a ⊗ 1 in C{L}. Then the action ofL on C{L} is given by:
Furthermore we define an action of h on C{L} by:
The untwisted space associated with L is defined to be
ThenL,ĥ, z h (h ∈ h) act naturally on V L by acting on either C{L} or M(1) as indicated above. Define 1 = ι(e 0 ) ∈ V L . We use a normal ordering procedure, indicated by open colons, which signify that in the enclosed expression, all creation operators h(n) (n < 0),a ∈L are to be placed to the left of all annihilation operators
Define vertex operator Y (v, z) with
This gives us a well-defined linear map
be an orthonormal basis of h and set
gives rise to a representation of the Virasoro algebra on V L with the central charged d and
The following theorem was proved in [DL] and [K] .
Define the Schur polynomials p r (x 1 , x 2 , · · · ) in variables x 1 , x 2 , · · · by the following equation:
Especially, if α, β ≥ 0, we have ι(a) i ι(b) = 0 for i ≥ 0, and if α, β = −n < 0, we
Let n ∈ Z, and β, β = n. Define
Then F n is a vertex algebra if n is even, and a vertex superalgebra if n is odd. For [D] , [DL] , [Xu] ) that the set {F i n } i=0,...,|n|−1 provides all irreducible F n -modules. In particular, F n has |n| inequivalent irreducible modules.
The fusion algebra is (cf. [DL] )
If n = 2k is even, we defineL 2k = β 2 + Zβ, and MF 2k = VL 2k = F k 2k . Then F 2k is a vertex algebra, and MF 2k is a F 2k -module.
We shall also need the following result from [DLM] .
Proposition 2.1. [DLM] The vertex (super)algebra F n is regular, i.e. any (weak) F n -module is completely reducible.
Let g be the Lie algebra sl 2 with generators e, f, h and relations
−1 ] ⊕ CK be the corresponding affine Lie algebra of type A
1 . As usual we write x(n) for x ⊗ t n where x ∈ g and n ∈ Z. Let Λ 0 , Λ 1 denote the fundamental weights forĝ. For any complex numbers m, j, let fusion algebra (cf. [FZ] ) is given by
We shall now recall the lattice construction of the vertex operator algebra L(m, 0).
Define the following lattice
for every i, j ∈ {1, . . . , m}. Define alsoÃ 1,m = α 1 +···+αm 2 + A 1,m . We have:
In this section we give the definition of the vertex operator (super)algebra D m,k .
Let the vertex (super)algebras L(m, 0) and F k be defined as in Section 2. 
It is easy to see that the components of the field
give rise a representation of the Virasoro algebra of central charge c m = 3m m+2
. For
Thus, L(0) defines on D m,k a Z + -graduation if k is even, and a 1 2 Z + -graduation if k is odd. In this way we get the following theorem. 
Its representation theory was studied in [EG] and [A2] . and m is not an admissible rational number, then every highest weightŝl 2 -module of level m is a module for the vertex operator algebra L(m, 0). This easily gives that D m,k is not rational. In the case when m is an admissible rational number, using the similar arguments as in [A2] , and using the representation theory of the vertex operator algebra L(m, 0) in this case (cf. [AM] ) one can construct infinitely many inequivalent irreducible D m,k -modules. In order to be more precise, we shall state the following lemma.
Lemma 3.1. Assume that m is not a nonnegative integer and m = −2. Let k ≥
Then for every t ∈ C there is an ordinary
, and the top level N t (0) satisfies
Proof. The proof will use a similar consideration to those in [A2] , Section 6.
Assume that m is not a positive integer and t ∈ C. The results from [AM] give that for every q ∈ C there is a Z + -graded L(m, 0)-module M q = ⊕ n∈Z + M q (n) and a weight vector v q ∈ M q (0) such that
where Ω(0) = e(0)f (0) + f (0)e(0) + 1 2 h(0) 2 is the Casimir element acting on the
Let N t be the D m,k -submodule of M q ⊗ F k generated by the vector w = v q ⊗ 1. Then for n ≥ 0 we have that
Now it is easy to see that N t is an ordinary 
Proof. Define the lattice Γ 1 by
It is clear that the lattice Γ m,k can be identified with the sublattice Zγ 1 + · · · + Zγ m of the lattice Γ 1 . In the same way V Γ m,k can treated as a subalgebra of the vertex operator (super)algebra V Γ 1 . Lemma 2.1 implies thatĒ = ι(e α 1 ) + · · · + ι(e αm ),F = ι(e −α 1 ) + · · · + ι(e −αm ), span a subalgebra of V Γ 1 isomorphic to L(m, 0), and the elements ι(e β ), ι(e −β ) span a subalgebra isomorphic to F k . SinceX =Ē −1 ι(e β ) andȲ =F −1 ι(e −β ), we conclude that the vertex subalgebra generated by the elementsX,Ȳ ∈ V Γ m,k ⊂ V Γ 1 is isomorphic to the vertex operator (super)algebra D m,k . This concludes the proof of the theorem.
The previous result implies that we can identify the generators of
This identification implies that H ≈H and ω m,k ≈ω m,k .
We shall also prove an interesting proposition which identifies some regular subalgebras of D m,k .
Proposition 4.2. For every positive integer n we have that
In particular, D m,k has a vertex subalgebra isomorphic to F n 2 m(mk+2) .
Proof. Using relations (2.7) and (2.8), it is easy to prove that:
for some constant C. Thus ι(e n(γ 1 +···+γm) ) ∈ D m,k . Similarly we prove that ι(e −n(γ 1 +···+γm) ) ∈ D m,k . The second assertion of the proposition follows from the fact that the vectors ι(e ±n(γ 1 +···+γm) ) generate a subalgebra of V Γ m,k isomorphic to F n 2 m(mk+2) .
Regularity of the vertex operator algebra D m,2n
In this section we study the vertex algebra L(m, 0) ⊗ F −2n(mn+1) where m, n are positive integers. We now that L(m, 0) ⊗ F −2n(mn+1) is a regular vertex algebra; i.e. every module for this vertex algebra is completely reducible. Its irreducible modules are :
The fusion rules can be calculated easily from the fusion rules for L(m, 0) and
Our main goal is to show that the vertex operator algebra D m,2n is isomorphic to a subalgebra of L(m, 0) ⊗ F −2n(mn+1) . In order to do this, we shall first give the lattice construction of the vertex algebra L(m, 0) ⊗ F −2n(mn+1) .
Define the following lattice :
for every i, j ∈ {1, . . . , m}.
We shall now give another description of the lattice L.
For i = 1, . . . , m, we define
we have that
In fact, we have proved that
which implies that
Define the following vectors in the vertex algebra V L :
These vectors span a subalgebra of V L isomorphic to L(m, 0).
As in Section 4 we define:
Clearly X, Y span a subalgebra isomorphic to D m,2n . In fact, the definition of elements E, F , X, Y together with relations (5.1) and (5.2) imply the following lemma.
Lemma 5.1.
(1) Let V be the subalgebra of V L generated by the vectors E, F, ι(e β ), ι(e −β ).
(2) Let W be the subalgebra of V L generated by the vectors X, Y, ι(e δ ), ι(e −δ ).
Now using standard calculations in lattice vertex algebras one easily gets the following important lemma.
Lemma 5.2. In the vertex algebra V L the following relations hold:
(1) X = (E −2n−1 ι(e n(α 1 +···+αm) )) −1 ι(e β );
(2) Y = (F −2n−1 ι(e −n(α 1 +···+αm) )) −1 ι(e −β ); (3) ι(e δ ) = ι(e n(α 1 +···+αm) ) −1 ι(e β ); (4) ι(e −δ ) = ι(e −n(α 1 +···+αm) ) −1 ι(e −β ); γ 1 +···+γm) ) . 
Proof. Using the same arguments as in the proof of Proposition 4.2 we get ι(e ±n(α 1 +···+αm) ) ∈ V, ι(e ±n(γ 1 +···+γm) ) ∈ W.
Then the relations (1) -(4) in Lemma 5.2 implies that X, Y, ι(e ±δ ) ∈ V . Thus W ⊂ V . Similarly, the relations (5) -(8) in Lemma 5.2 gives that V ⊂ W . Hence,
The following proposition was essentially proved in [DLM] and [DMZ] . (2) The vertex operator algebra
Proof. Since L(m, 0) and F −2n(nm+1) are regular vertex algebras, Proposition 5.1
using again Proposition 5.1 we get that D m,2n is a regular vertex operator algebra. This gives (1). The proof of (2) is now standard (cf. [DLM] ).
Since L(m, 0) has (m + 1) inequivalent irreducible modules, and for every k ∈ Z F k has |k| inequivalent irreducible modules , we get: (m + 1)k(km + 2) inequivalent irreducible representations (see also [A3] , [Li3] ). Since the vertex superalgebra F −n has n inequivalent irreducible representations, we conclude that D m,k has to have (m+1)(km+2) 2 inequivalent irreducible representations.
